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Let 5 be a formal system containing recursive number theory and Géodel
substitution function for a Géidel numbering of 5, then B (a) can be constructed
which expresses the proposition that the formula with a as its Godel number is
provable in §. And then for {A} denoting the Godel number of the formula A in
S, B ({A}) expresses the proposition that A is provable iu S.

For a suitable "provability” predicate B,
—A=FB{A)
may be intuitively true for any formula A, and therefore if "—>" be completely
formalized in §. then
—A~B ({A})
must be derivable in 5.

The following remarks apply to many fuuctional caiculi,1? each of which can
be variously axiomatized, but for clarity of exposition we shall confine our attention
to particular sysems (.5). These systems are to have the usual primitive symbols
and the following formal axiom schemata, formal rules of inference, and formal

recursive number theoretic axioms.

Axiom schema 1 : Any tautol ogous wff (well formed formula)
Axiom schema 2 : Ve A(2) DA,

where A(x) is a wff, ¢ is a {ree variable in 4
Axiom schema 3 : AB)Da«Alx),

provided that the condition of Axiom schema 2 is satisfeid.
Modus Ponens : applies to wifs A and ADB, and vields B.
Rule of Generalization : applies to a wiff C D A () and vields COvVzA4 (x),
where ¢ and 2 are not included free in C.
Rule of Existence : applies to a wif A(z) O C, and yields vz A(z) D C,
where £ and z are not included free in C.
Axiom schemata 4 :
(1) Afo) & Vx(A(z)DA(2")) DA(Z)
(2) a’ =b" Da=15h

(3) ial =o
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(4) a=bD (a=c2d=¢c)
(5) a="boa =b

(6) ato=a

(7) a+bh' = (a+b)

(8) atb=b+a
(9) a-o0=o0

(10) a-b’ =a'b+a
an ab=bha

a2 a’= |

(13) ab’ =ab-a

Rules of modus ponens, generalization, and existence are called the rule of
inference. A formal proof in (§) is a finite column of wifs each of whose lines is a
formal axiom or arises from two preceding lines by the Rule of Modus Ponence or
arises from a single preceding line by the rule of generalizatuion or of existence.

A wif is called "provahle” when there exists a proof the last line of which is
the wff — A stands for it that a wff A is provable. Of course, A is not symbol in
(8) but of (S5).

Since "proof defined above has finite character, there exists a finite predicate
B, such that

(a) (EY) B (AY) =I- A4,
if it is decidable whether a column is a proof of A or not.

If it is not finitely decidable whether a column is a proof of a certain wif,
then the theory loses its sense, and then we can assume the above hypothesis,
preserving generality.

Y and A will be able to be Godel numbered, if they have finite character.
Let v and @ be the Godel numbers of ¥ and A respectively, and from (a)

(b) (Ey) R (a,y) =+ A

Moreover, B (A,Y) that expresses the proposition Y is a proof of A, and R
(a,y) can be expressed in (S). Let { Y } and { A} be the symbols in (S)
corresponding to v and @, and from (b)

(e) (E ») Bew ({A}),
which is expressible in (5).

Let # ({ A)}) stand for (¢), and then (a) yields

(d) —B ({A) =4
this can be derived into two parts

(e) —B {A}) »>—4

(f) —A=>F-B {AD
"> wwhich is "implication” in intuitive logic, is completely formalizable in (.5),
then

(g) —B ({AhH 4
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(h) —ADB {A)
is identically true.

In this paper, it will be proved by the method, which was suggested by M.
L6b2> to be available for inconsistency proof, that neither |~ ADB ({A}) nor — B
({A}) DA are derivable for any consistent "provability” predicate B, and, moreover,

— B {ADB)Y) D(ADB)
will be proved not to be derivable.

Terminology and formal and intuitive symbols used here are due to [IJ.10

I. There is no formal consistent "provability” predicate B in any consistent

formal system S that satisfies the following conditions:

(1) =B ({A)—>FHA
(2) —ADB {A)
for any formula A.

Proof.
By Godel substitution function, 3> ¢ can be constructed which is a formula
B ({¢}) 5 1=0.
1.1 o Do
1.2 oD (BH{eHD1=0
Assume that
[.3 F-e OB {e})
1.4 oD 1=0
1.5 =19
1.6 — 1(B{e¢)D1=0)
1.7 =B{e¢}) & 10=0}
1.8 |—v¢
1.5 and 1.8 contradict the consistency of S.

II. There is no formal consistent "provability” predicate B in any consistent
formal system that satisfies the following conditions:
(3) — A—= -8B ({A})
(4) —B({A) DA
Proof.
Let ¢ be the formula constructed in L
Suppose that
2.1 =B {e¢}) Dy
2.2 =8B{eh D(B{e} D1=0
2.3 =B{Her)D1=0

2.4 @
25 F-B{He}h)
2.6 = 1=0
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this contradicts the consistency of S.

III. For any consistent formal system, there is no "provability” predicate B

satisfying
(3) HFA->FEBH{A)
(5) —B{ADB} D((ADB)

for any formula A and B.
Proof.

Let ¢ be B (I=1 D¢ O 1=0.
31 B {ADB) D (ADB)
3.2 FB{1=1D2¢}) D=1 T¢)
3.3 B ({l=1D9¢}) D9
34 FB{I=1D2¢) D BI=12¢9} 21=0)
3.5 B {l=12¢}) 21=0
3.6 (-9
3.7 H—l1=1D¢
3.8 =B ({1=12 ¢})

3.9 1=0
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